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Abstract
The S-matrix for a spin- 1

2 particle in the presence of a potential which is the
sum of the Coulomb potential Vc = −A1/r and a Lorentz scalar potential
Vs = −A2/r is calculated.

PACS numbers: 03.65.Pm, 11.80.−m

1. Introduction

We consider a spin- 1
2 particle in a potential which is the sum of the Coulomb potential

Vc = −A1/r and a Lorentz scalar potential Vs = −A2/r . The scalar potential is added to
the mass term in the Dirac equation and may be interpreted as an effective position-dependent
mass. If the scalar potential is assumed to be created by the exchange of massless scalar
mesons, it has the form Vs = −A2

r
.

Exact solutions for the bound states in this mixed potential can be obtained by separation
of variables [1, 2]. In this paper, we consider the scattering problem for such a potential which
does not seem to have been treated in the literature. We calculate the phase shifts by the
conventional technique and show how the scattering problem can also be solved algebraically.

This paper is organized as follows. In section 2 we separate variables in the Dirac equation
obtaining the radial equations, in section 3 we solve the radial equations for the scattering
problem and calculate the phase shifts and in section 4 we apply an algebraic technique to
obtain the phase shifts. Section 5 contains the conclusions.

2. Separation of variables in the Dirac equation

The time-independent Dirac equation in the presence of the mixed potential may be written as(
α · p + β

(
M − A2

r

)
−
(

E +
A1

r

))
�(x) = 0 (1)
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where p = −i ∂
∂x and r = |x|. To separate variables we write �(x) in terms of two component

spinors

� =
(

φ

χ

)
. (2)

The two component angular solutions are eigenfunctions of J 2, Jz, L
2, S2 and are of two types

φ(+)
j,m =



(

l+ 1
2 +m

2l+1

) 1
2
Yl,m− 1

2(
l+ 1

2 −m

2l+1

) 1
2
Yl,m+ 1

2


 (3)

for j = l + 1
2 and

φ(−)
j,m =



(

l+ 1
2 −m

2l+1

) 1
2
Yl,m− 1

2

−
(

l+ 1
2 +m

2l+1

) 1
2
Yl,m+ 1

2


 (4)

for j = l − 1
2 .

In the above basis one can verify that

J 2φ(±)
j,m = j (j + 1)φ(±)

j,m (5)

(1 + σ · L)φ(±)
j,m = −κφ(±)

j,m (6)

where κ = ±(j + 1
2

)
for j = l ∓ 1

2 . Next, we put

� =
( iGlj

r
φl

jm

Flj

r
σ · nφl

jm

)
(7)

where n = r
r

and

φl
jm = φ(±)

j,m (8)

for j = l ± 1
2 . Defining the Dirac operator

K = γ 0(1 + Σ · L) (9)

we have

K� = −κ� (10)

where we have used the relation

[1 + σ · L,σ · n]+ = 0. (11)

Next, using the relations

σ · p
f (r)

r
φl

jm = − i

r

(
df

dr
+

κf

r

)
σ · nφl

jm (12)

and

σ · pσ · n
f (r)

r
φl

jm = − i

r

(
df

dr
− κf

r

)
φl

jm (13)

we get the radial equations

dGlj

dr
+

κ

r
Glj −

(
E + M − A2

r
+

A1

r

)
Flj = 0

(14)
dFlj

dr
− κ

r
Flj +

(
E − M +

A2

r
+

A1

r

)
Glj = 0.
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Next, let ρ = kr where k2 = E2 − M2. Then the radial equations take the form (we omit the
indices l, j )

dG

dρ
=
(

E + M

k
+

A1 − A2

ρ

)
F − κ

ρ
G

dF

dρ
= −

(
E − M

k
+

A1 + A2

ρ

)
G +

κ

ρ
F. (15)

3. Direct calculation of the phase shifts

In this section we solve the radial equation by using a technique similar to that used by Lin
[3]. Defining the functions u(ρ) and v(ρ) by

G = 1

2
eiρ(u + v) F = i

2

(
E − M

E + M

) 1
2

eiρ(u − v) (16)

we get

du

dρ
= iEγ

kρ
u +

1

ρ

(
−κ +

iMγ ′

k

)
v

dv

dρ
= −

(
κ

ρ
+ i

Mγ ′

kρ

)
u − i

γE

kρ
v − 2iv (17)

where γ = A1 + M
E

A2 and γ ′ = A1 + E
M

A2. Eliminating v we get

ρ
d2u

dρ2
+ (1 + 2iρ)

du

dρ
+

(
2Eγ

k
− λ2

ρ

)
u = 0 (18)

where λ = κ
|κ |
(
κ2 − A1

2 + A2
2
) 1

2 . Let

u(ρ) = ρ|λ|w(ρ). (19)

Then w(ρ) satisfies the equation

ρ
d2w

dρ2
+ (2|λ| + 1 + 2iρ)

dw

dρ
+ 2i

(
|λ| − iEγ

k

)
w = 0. (20)

Restoring the indices l, j we get

ulj = alj ρ
|λ|


(
|λ| − iEγ

k
, 2|λ| + 1,−2iρ

)
(21)

where alj is a constant and 
(a, b, z) is the confluent hypergeometric function. Using
equation (17) it is easy to show that

vlj = alj

|λ| − iEγ

k

−κ + iMγ ′
k

ρ|λ|

(
|λ| − iEγ

k
+ 1, 2|λ| + 1,−2iρ

)
. (22)

For r → ∞ we get

Gout = alj

2|λ|+1
e− Eγ π

2k eikr+i Eγ

k
ln 2kr �(2|λ| + 1)

�
(

1 + |λ| + iEγ

k

)
Gin = alj

2|λ|+1
e− Eγ π

2k e−ikr−i Eγ

k
ln 2kr �(2|λ| + 1)

�
(

1 + |λ| − iEγ

k

) eiπ |λ| |λ| − iEγ

k

−κ + iMγ ′
k

.

(23)

Thus the phase shifts are given by

e2iδl,j (k) = −κ + iMγ ′
k

|λ| − iEγ

k

�
(

1 + |λ| − iEγ

k

)
�
(

1 + |λ| + iEγ

k

) e−iπλ. (24)
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4. Algebraic calculation of the phase shifts

In this section we apply an algebraic technique to calculate the phase shifts. This technique
was used earlier by Alhassid et al [4] for the relativistic Coulomb problem.

With 
 = (
Glj

Flj

)
we get[

d

dr
+

1

r
(κρ3 + A2ρ1 − iA1ρ2) − Mρ1 − iEρ2

]

 = 0 (25)

where ρi are the Pauli matrices.
The potential matrix � = A2ρ1 − iA1ρ2 + κρ3 may be diagonalized by using the result

eiβρ2 e−αρ1� eαρ1 e−iβρ2 = λρ3 (26)

where

tanh 2α = A1

κ
tan 2β = A2

κ ′ κ ′ = ε(κ)
(
κ2 − A1

2
) 1

2 λ = ε(κ)
(
κ ′2 + A2

2
) 1

2

(27)

where ε(κ) = κ
|κ | . Defining


 = eαρ1 e−iβρ2
̂ (28)

we get [
d

dr
+

λ

r
ρ3 + ik · ρ

]

̂ = 0 (29)

where

ik1 = EA1A2 − Mκ ′2

κ ′λ
ik2 = −iE

κ

κ ′ ik3 = − (MA2 + EA1)

λ
. (30)

One can verify that

E2 = k2 + M2. (31)

Multiplying on the left by the operator d
dr

− λ
r
ρ3 − ik · ρ we get the second-order equation[

d2

dr2
− λ

r2
ρ3 − λ2

r2
+

2Eγ

r
+ k2

]

̂ = 0 (32)

where

γ = A1 +
M

E
A2. (33)

For r → ∞, omitting the 1
r

terms in equation (25), we have two types of free particle solutions
which satisfy the conditions

(Mρ1 + iEρ2)

in = −ik
in (Mρ1 + iEρ2)


out = ik
out (34)

where k2 = E2 − M2. The explicit form of these solutions is


in = gin

(
1
ik

E+M

)
e−ikr 
out = gout

(
1

−ik
E+M

)
eikr . (35)

To calculate the scattering matrix we need to find the ratio gout

gin .
Next, equations (29) and (30) give, in the limit r → ∞,

gout

gin
= ĝout

ĝin

ik−S11 − ik3S12 − ikS12

ik−S11 − ik3S12 + ikS12
(36)
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where S = eαρ1 e−iβρ2 . After considerable effort we get

(ik−S11 − ik3S12) = − E + M

A1 − A2
(κ + λ)

(A1(κ
′ + λ) − A2(κ

′ + κ))

4κ ′λ cosh α, cos β
(37)

−ikS12 = −ik
(A1(κ

′ + λ) − A2(κ
′ + κ))

4κ ′λ cosh αcos β
.

Thus we get

ik−S11 − ik3S12 − ikS12

ik−S11 − ik3S12 + ikS12
= κ + λ + i

k
(Eγ − Mγ ′)

κ + λ − i
k
(Eγ − Mγ ′)

(38)

where we have used

Eγ − Mγ ′ = (E − M)(A1 − A2). (39)

Finally, using the relation

κ − iMγ ′
k

λ − iEγ

k

= λ + iEγ

k

κ + iMγ ′
k

(40)

we get

gout

gin
= ĝout

ĝin

κ − iMγ ′
k

λ − iEγ

k

. (41)

One may calculate the phase shifts by an algebraic technique by observing that the
differential equation for ĝ obtained from equation (32) is of the same form as the radial
equation for the two-dimensional hydrogen atom with the Hamiltonian

H = p2

2
− α

r
. (42)

The latter problem has been treated by Alhassid et al [5]. They use the fact that the problem
has dynamical symmetry under the SO(2, 1) group so that the asymptotic states obey recursion
relations under the action of the generators of the SO(2, 1) algebra. On the other hand, the
asymptotic states are linear superpositions of eigenstates of the Casimir operator of the algebra
of the Euclidean group E(2). As a consequence one gets a recursion relation for the ratio
of the out and in amplitudes which can be solved. Making appropriate changes in their
results: α → 2Eγ and m → λ + 1

2 , we get

ĝout

ĝin = −eiπλ
�
(

1 + λ − iEγ

k

)
�
(

1 + λ + iEγ

k

) . (43)

Using equation (43) in equation (41) we have the same phase shifts as those of equation (24).

5. Conclusion

In conclusion we have shown that the phase shifts for the generalized Dirac equation can
be found algebraically. The results are in agreement with the conventional calculation. The
advantage of the algebraic method is that we work in the r → ∞ limit instead of solving the
radial functions and then taking the limit.
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